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Overview
» What isreliability ??

» Basicsof reliability methodsfor repairable and non-
repairable systems

» Estimation of PDF of Time Between Failures (TBF)
using limited, censored data

* “Frequentist” approach (Method 1)
e Bayesian updating approach (Method 2)

v “Enhances’ data with expert opinion
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What is Reliability?

Reliability at timet isthe probability that the system
has not failed beforetimet.

failure
_ 1

I % —
0 t T time

R(t)=P(T >t)=1-P(T <t)
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Reliability Basics for
Non-Repairable
Systems
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Reliability of Non-Repairable Systems

failur
_faillure

: : y —
0 t T time

R(t)=P(T >t)=1-P(T <t)=[R(t)=1-F(t)| (1)

XG%ZP@<Tsn+dVT>ty_Pﬁ<Tst+d0:

/ dt  dtx P(T >t)
Failure
Rate F(t+dt)-F(t) _f(t)
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Reliability of Non-Repairable Systems

| | X/failure .
0 t T time
dueto (2)
R(t)=1- F(t):>d—R: —f(t):{d—Rz ~A)R(t)=
dt dt
= R Jdt= d(InR)=—Adt = In(ﬂ): —_t[ﬁdt =
R RO))
o
t (0 _
— R(t):exp[—J-/Idt] All we need isthe
0 fallurerate
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Reliability of Non-Repairable Systems

(l) )i /-i— time
Failure Tar get useful
life
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0 . T time
| % : —
“ . T time
Alt) N ~— #of failuresin At
Alt) =
N s At
/
# of systems
At o o o
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Reliability of Non-Repairable Systems
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Reliability of Non-Repairable Systems

H, =) AAt
j=1
i-1 N
Ri=1-F =1-) —
J=1 Nf
R =e™"™
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Reliability Calculation

All we need for calculating the
reliability of a system (non-repairable
or repairable) Isthe system PDF of
timetofallure(TTF)

Weuse:

» Datato estimatethe PDF of TTF for each component

» Monte Carlo ssmulation to estimatethe PDF of TTF
for the system
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Basics of Reliability M ethods
(Repairable Systems)
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Reliability of Repairable Systems

| x * * i t'nie
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Failure & Target useful
repair to “new” life
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0 T time
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Reliability of Repairable Systems

kAt system failuresin At

Ill

————————t—t+—t—t—1+—+—+—1+—+ —
0 T time

<>

At segment

p=—2L : Probability of failurein At (very smallif At—0)

/
# of

N
systems (vehicles) in fleet

'H omogeneous Poisson
Process (HPP)

[ Non-Homogeneous
t :
Ifp dependson At segment =3 1 5 o Process (NHPP)

If p isindependent of At segment T——>

UNCLASSIFIED: Dist A. Approved for public release 2011-01-0725 13




Homogeneous Poisson Process (HPP)

N : Expected (average) # of failures/ system in (0O, T]

Probability of
fallurein At

Define: |AT = pn

A : Average# of failuresper system per unit time

(failurerate, hazard rate, intensity rate,
repair rate)
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Homogeneous Poisson Process (HPP)
Reliability Calculation for HPPat T = nAt

% Assume statistically independent events at each At

)=Q1-p)1-p)--(1-p)=1-p)

e
G atose
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Non-Homogeneous Poisson Process (NHPP)
Reliability Calculation for NHPPat T = nAt

% Assume statistically independent events at each At

R(T)= @~ p, N1~ p;)--- (L~ p,)
= (1- 4,At)1- A,At)---(1- A At)
— -
= exp —j/l(t)dt : if At —0
0 _
7 o
Same for mula with non- Cumulative Hazard
repairable systems Rate
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Reliability Calculation

Series Systems
I:21 R2 — - Rn
R:Rl*Rz*"'*Rn:
_e M gp Ml g, xp Ml — oA
where: A=A +A++ A
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Reliability Calculation

Parallel Systems

R=1-(L-R)*(1-R,)*---*(1-R,)
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Calculation of Hazard Rate Al(t)

e
0) I'Tt’| T time
Deter mine aver age # of failures kAt (t) among N systems
ineach At.Then: K, (t)

Alt)=

 NAt
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Calculation of Hazard Rate Al(t)

A= .
MTBF

For constant hazard rate systems::

PDF |

MTTE TTE
(MTBF)

For most engineering systems, the hazard rate ISNOT
constant. To estimate it, we need the PDF of TTF for
each component.
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Reliability Calculation

All we need for calculating the
reliability of a system (non-repairable
or repairable) Isthe system PDF of
timetofallure(TTF)

Weuse:

» Datato estimatethe PDF of TTF for each component

» Monte Carlo ssmulation to estimatethe PDF of TTF
for the system
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Estimation of the PDF (or
CDF) of the TTF (TBF) using
Limited, Censored Data

» Censored MLE Approach
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Limited Data

Group L1 | |
Original data Updated dataA/Tlme Bet(\_/rvge% Failures
Vehicle# mileage Vehicle# mileage
10 741 1 10247 \
4 5273 2 9044 : : : : "
! 6027 2 8977 0 6027 12011 17384 20000
5 7398 3 13984
6 7495 3 4064 < >
2 9044 4 5273 o02r -
1 10247 4 9747
8 12008 5 7398 —
7 12011 5 7611 S373
9 12014 6 7495
10 12074 6 7516 _ _
3 13984 7 6027 Censoring Mileage
5 15009 7 5984
6 15011 7 5373
4 15020 8 12008
7 17384 9 12014
2 18021 10 741
3 18048 10 11333
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Censored ML E Approach

= Using availablelimited data (T BFs and censoring mileage),
“estimate” PDF of TBF using a censored M L E approach.

= Tail samplethe PDF of previous step to “enhance” the
original limited data.

= Using “enhanced” data from previous step, “ better
estimate” the PDF of TBF using an uncensored MLE
approach.

= Using the PDF of previous step, a Bootstrap approach
estimates statistics of TBF (e.g. distribution of MTBF,
distribution of TBF standard deviation, etc.)
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Notation

Group L1 | |
Original data Updated data Time Bet\_/rvgelg Failures
Vehicle# mileage Vehicle# mileageA/ (TBF)
10 741 1 10247
4 5273 2 9044 | | | |
g gggg g 183997874 0 6027 12011 17384 20000
6 7495 3 4064 . ;
2 9044 4 5273 o0zr W
1 10247 4 9747
8 12008 5 7398 —
7 12011 5 7611 9373
9 12014 6 7495
10 12074 6 7516 »
3 13984 7 6027 tailed l
515000 |7 see4 | | M, 0 Lo, b
6 15011 7 5373 — " ~
4 15020 8 12008 ’ : i ! L 5
7 17384 9 12014
2 18021 10 741
3 18048 10 11333
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Observation / Assumption

dﬂf‘fmiﬁed i
dM, dM | dM, -
!,‘ ,1 !( ¥! ! I -
MO MI M'I'- i lM; ML | tailed
Mrrhres}'soid

dM, = X, ~ B(A,B,p,q). (A<X,<B,and p>0,q>0)

f(x,AB,p,aEA(p.a) (x—AP*(B-x)"/(B-AP*" (A<x<B,and p>0,q>0)

Beta Distribution

6.0E-05 - 1.2
—PDF —CDF

5
£ 5.0E-05 | 1
= S A=0
> 4.0E-05 - +08 2
o T =8
g Q 0 Z .
T - 4 € © —
5 Eaocos w22 B=45,000 miles
3 £
S 2.0E-05 - 104 535
o E Y-
: 3 =3,0=5
* © p - % q -

1.0E-05 - 102

0.0E+00 T T T T 0

0 10000 20000 30000 40000 50000

Mileage
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Observation / Assumption

= Betadistribution family isused to model TBF.

Beta distributed PDF
I

A=0, B = 30000
f(x,A B, p,qEB(p.q)  (x— AP (B-x)"/(B-AP"", (A<x<B,and p>0,q>0)
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ML E Approach

Deter mines parameters (A, B, p, q) of “most likely” Beta
distribution using available data. It provides Likelihood
function in Bayesian estimation.

Censored ML E
’ Ogi?ﬁ?ged / # of survivals
o y
M%ﬁ H f(x,AB, p,q)H [1— F\(Xj,A, B, p,q)]
- Beta PDF = Beta CDF

Uncensored MLE

N

Max [T f(x,AB, p,q)

AlBlpiq |:1
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System Reliability and
Reliability Allocation
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System (Vehicle) Reliability

PDF

Comp. 1 LS

PDFE T

MTBE TTF

Comp.n

6

G

Second Software
Demonstration

Vehicle

Vehicle R(t)

=
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vehicle! Histogram
TTF

Reliability

|
I
T
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System (Vehicle)
Reliability

<= MonteCarlo

Simulation

For Vehicle:

o0

MTBF = [R(t)dt

2011-01-0725

0
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Reliability Allocation

Specify system (vehicle) reliability

Optimization

Determinerequired reliability of EACH component

Thisoptimization problem DOESNOT
have a unigue solution

\/
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Reliability Allocation

Oneway to get a unique solution isto trade-off
reliability and associated cost

_ Target system
min Cost reliability

Ncomp

s.t.  System Reliability = R'

D By varying R', we get the so called “ Pareto Frontier.” 1
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Reliability vs Risk of Failure (Cost)

We want to maximize Reliability and smultaneously
minimize Risk of failure (cost)

Wi

. Reliability
R,
@
%

Pareto Front

A
|
I
|

Feasible Domain

Cost

34
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Reliability — Cost Pareto

Xy

Reliability (R) E

/

~ront Calculation

N

234

.
domains

break(m) =1 '

ranges

Rmax

break(m+1) = pareto

thicknessI

break(2) = pareto_
R

min

break(1) =0
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o=

- Definition of Design Variables

f(x,AB,p,qEB(p.g) " (x—AP*(B-x)""/(B-AP"", (A<x<B,and p>0,q>0)

11=MTBF
Beta Distribution A$u me ConStant COV
6.0E-05 - T ——— 1.2
Then
i 4.0E-05 - 0.8 %I — H— A _ O
aK 56 M= O=-7"r
§&3.0E-05 1 0.6 EE B — A B — A
% 2.0E-05 - 0.4 é g
S 2 ?
~ 10E0s - 02 ° Il_l(l — ll_l)
] -1
0.0E+00 \ ‘ : ‘ 0 p ﬂ( 52 !
0 10000 20000 30000 40000 50000
Mileage — 1 J—
_q_— Bl-7)
O
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Reliability-Cost Relation

K(MTBF/MTBE,-1)

cost = cost, € : For each component

NC
Cost =" lcost,, e¥MTBFMTBRD (1 4 fajlure counts)]ic

ic=1
For system with Nc components

Unit Cost

|

cost,

cost,

: ~ MTBF
MTBF, MTBF,
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Example
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| nput Information

C?\Imuﬁqoﬁeerm Baseline MTBF in hours Coeffi_cignt of B Baseline cost

Comp No. (MTBF,) Variation factor (Cost,)
1 4076 0.3 3 $27,500.00
2 15000 0.3 3 $7,000.00
3 26510 0.3 3 $3,000.00
4 40000 0.3 3 $5,000.00
5 18000 0.3 3 $5,000.00
6 8000 0.3 3 $500.00
7 31809 0.3 3 $22,500.00
8 9520 0.3 3 $30,000.00
9 9713 0.3 3 $12,500.00
10 2330 0.3 3 $20,000.00
11 40000 0.3 3 $27,500.00
12 8614 0.3 3 $1,000.00
13 45000 0.3 3 $30,000.00
14 20000 0.3 3 $3,000.00
15 25000 0.3 3 $15,000.00
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Histogram of System failures

200
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Reliability Comparison between Repairable
And Non-Repairable System

Reliability
1.2E+00
----RF
1.0E+00 RE1
- 8.0E-01 - “ — — RH
= 6.0E0L - —RH1
3° ™
'g_g 4.0E-01 - \
2.0E-01 - \\
0.0E+00 -
o o o o o
(@) o o o o
o o o o o
<t Lo O N~ 00

Time (hours)
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System Reliability-Cost Pareto Front
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